Abstract. Mathematical models of the form (1) and (2) for diffusion-reaction phenomena are discussed. The occurrence of bifurcation points in the discrete case (2) 
= g{y(sj)) 0 = 1,...,2V).
This amounts to using central differencing on (py')' and backward differencing on (vy)'.
Many recent papers [1] , [4] , [6] [7] [8] [9] , [12] , [13] report differences between the bifurcation diagrams of (1) and of (2) (with respect to some control parameter). New bifurcation points occur and even complete extra solution branches show up for (2). All of these "discrete phenomena" disappear locally only in the limit h -» 0.
In this paper, we want to stress the point that (2) may be interpreted as a direct mathematical model for a collection of N separated cells communicating with each other through membranes which allow for diffusive or convective mass transport. Each of these cells exhibits a chemical reaction generating (or consuming) a substrate S. Hence, the mass transport is completely confined to the membranes, whereas the reaction part is strictly left to the cells. This type of system has also been studied in [2] , [10] , [11] . It has more stable steady states than a system which is described by the continuous model (1) since parts of the extra solution branches to (2) mentioned above are stable. For the case p = 1, v = 0 and an inhibited Michaelis-Menton process in the cells, this has been studied in [7b], [10] . If p = 1 and v = v0 » 1, special phenomena for (2) have been obtained [5] (see also [6] ) under the assumption of an exothermic first-order reaction yielding the function g given in Section 2. However, it is pointed out that the phenomena are independent of this special function g. They are rather due to a qualitative behavior of g described in [5] , [6] and occur for numerous further nonlinearities including the Michaelis-Menton process mentioned above.
The organization of this paper is as follows: In Section 1 we describe the finite cell model with the special reaction term g given in Section 2. Section 3 comments on numerical experiments. A closed branch of unsymmetric solutions bifurcates from the main branch of symmetric solutions. Small perturbations on the diffusion mechanism resolves the two bifurcation points to form two separate branches. To explain these phenomena a simpler mathematical model is set up in Section 4. It is based on the numerical results of Section 3, which say that only the cells at both ends of the system (cell number 1 and N) undergo substantial changes along the branch of unsymmetric solutions. All the other cells (number 2 to 7Y -1) operate on an almost constant level. This observation breaks the discussion down to only two uncoupled equations. The discussion of this system in Section 4 explains the numerical findings of Section 3.
The second author extends his thanks to Prof. Dr. J. Descloux for an inspiring discussion which initiated this paper. (4)- (7) yield the basic discrete steady state model:
The model consists of N equations for TV + 2 unknowns c0, c} (j = 1,.. .,7V), cN+x. The physical interpretation of c0 and cN+x is as yet undefined. Indeed, c0 and cN+x are given via boundary constraints. In the simplest case c0 and cN+x are concentrations of the substrate 5 being fed to the system from either end. If we want zero diffusive flux on both ends we find c0 = cl> CN + 1 = CN from (5). In general, we have to add two (normally linear) equations to the system (8) for the unknowns c0 and cN+x. If the total consumption of S per volume unit and time unit depends on the cell Zj, then we have to consider g in (8) to depend onj: g(cj) = gj(Cj).
If we let kj -hj = h for y = 1,... ,7V, our model simplifies to (9) h~2((DJ + hXj)cJ-i -(Dj + DJ+i + *Vn)cV + DJ+icJ+i) = S(cj), f=l,...,N.
It is now obvious that the numerical model (2) to the boundary value problem (1) discussed in the introduction is a special case of (8) . Here, h = (N + 1)_1 and h -* 0 which describes "convergence of (2) to the boundary value problem (1)" means for our discrete model that the length of the cells and the width of the membranes go to zero where, at the same time, the number of cells tends to infinity. Let us return to the general case of the system (8) supplemented by two linear equations for c0 and cN+x. The left-hand side describes an ( N + 2 X N + 2)-matrix ( -A) and the right-hand side defines a diagonal mapping G of R^+2 into itself given by (10) (Gc)J = g(cJ) 0 = 1,...,7V), (11) (Gc)j = yj (y = 0, TV + 1), where y denotes a constant given by the boundary constraints. Note that theyth equation of (8) is multiplied by hjl (j = 1,... ,N). With this notation, the system (8) may be written as (12) Ac + Gc = 9
where c = (c0,...,cN+x) e RN+2.
2. First-Order Exothermic Reaction Term. To perform our numerical experiments we need a more specific situation. As to the boundary constraints we assume Dirichlet conditions (13) cN+x = c0> 0 (c0 = prescribed).
This means that the concentration of the substrate S is kept on the constant level c0 at both ends of the system. All branches have stable parts (solid lines, see Figure 3 ) and unstable parts (broken lines, see Figure 3 ). Here, stability of x(y) means that the linearization of the system (19) at x(y) has a nonnegative inverse which is equivalent to saying that x(y) is a stable steady state solution of the corresponding dynamical system (3). Note that the double-figure-eight structure shows up twice in Figure 2 .
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In the spirit of the interpretation of (19) as a model for 9 chemical cells, we find that these cells do not only operate in a symmetric way (see (20)) but they also can work together on nonsymmetric, stable steady states (see also [10] for further examples for this phenomenon). This property of the system (19) is not understandable if we interpret (19) as finite-difference approximation to the continuous model Table 1 . A similar continuation process (see Table 2 Table 2 ). This shows that, with the resolution of the bifurcation point, parts of the symmetric branch and of the unsymmetric branch in Figure 2 come together to form the new main branch of In view of the system (19) our observation means that already the equations for y = 1 and y = 9 describe the situation. However, these are two uncoupled equations: (23a) (200 + 20d)xx = 1012(1 -jc,)exp(-Y(l + x^'1) +(100 + I5d)x2, (23b) (200 + U0d)x9 = 1012(1 -jc9)exp(-v(l + x9)_1) +(100 + Z5d)xs, note that x2 = x8 = 0.99 and x0 = x10 = 0. It is easily verified that any solution (y, xx) of (23a) and (y, x9) of (23b) (for x2 ~ x8 ~ 0.99) also solves an "explicit system"
This system may serve as a model for our full problem (19). The graph of the function /(x,0) is given in Figure 4 . Indeed, the general structure of this graph is the essential property to our analysis. Hence, instead of (24a), (24b) we may just as well consider any uncoupled system
where the graph of/and g is qualitatively given in Figure 4 . The simplest example is (26) f(x) = x3 -ax + b, g(y) = y3 -cy + e, b,c,e > 0.
The set of solutions of (25) is in a qualitative way the same as the corresponding set for (24). To describe all solutions of (25), we distinguish between the following two cases: Figure 5 are given in more detail in Figure 6 as illustrative examples.
